On a Certain Integral Over a Triangle 
Sergey Zlobin 

Consider the integral 
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where T is the triangle with vertices (1,0), (0,1), (1,1). 
Its first values are 

/ = C(2), /i = 2C(3), /2 = ^C(4), 
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h = 36C(5) - 12C(2)C(3), h = — C(6) - 48C(3) 2 . 
In the general case I n is equal to a linear combination of multiple zeta values 

C(s b s 2 , . . . , si) = V — r 
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of weight n + 2 with rational coefficients: 

Theorem 1 For any integer n > £/ie following identity holds: 

n 

I n = n\^2({n-k + 2,{l} k ) 

( {a]k means a, . . . , a ). 

k 

Lemma 1 Let k and I be integers such that k > 0, I > 1. Then the identity 
f 1 {-ln{l-x)) k 
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lnxydx = kW.({l + l : {l} k ) 



holds. 



Proof. Denote the integral in the statement of the lemma by J. Consider 
the following series expansion: 

(-ln(l-rc)) fc ^ x ni 
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Substituting it into the integral, we get 
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= /c!/!C(/ + l,{l} fc ). 

Remark. After obtaining this result, it was found that the integral 
in the statement of the lemma can always be represented as a polynomial 
of several variables with rational coefficients in values of the Riemann zeta 
function at integers. The explicit formula is given in jT]: 
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where 



p 



ff,(ti,--.,g = E (!))■• 

The sum over ^ is to be taken over all sets of integers {ti} (i = 1, . . . ,p) 
which satisfy 

p 

U>2, ^2u = k + l + l, 

i=\ 

and the sum over U over all sets of integers {k} (i = 1, . . . ,p) which satisfy 

p 

l<k<U-l, ^k = l. 

i=i 

Our result is shorter and looks more elegant, but the expression involving 
only ordinary zeta values is more classical. Combining both expressions for 
the integral we obtain the interesting 
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Corollary 1 If m > 2 andk > 0, then the value ((m, {l}k) can be explicitly 
represented as a polynomial of several variables with rational coefficients in 
values of the Riemann zeta function at integers. 

This corollary, including the polynomial formula for ((m, {l}k) ( a t least im- 
plicitly), has been also proved in |2j, using the generating function 

x^y' +1 ai + 2, {1W = 1 - exp (jj x " ± V " - (x ± V) \ (n 



n 

K. n>2 

Proof of Theorem [H We have 

T fA f 1 (-lnx) k f 1 (-lny) n - k , , 

'•=£(*)/. *L^-!h** 

-^r( n \ /' 1 (~ lnx ) fc (-in(i-x)) n ~ k+l dx 

- V ( n } C (~ ln ( 1 ~ :g )) fc (-lnx)"- fc+1 ^ 
Applying Lemma we get 

J » = E it) ' ^ITT • B(n ~ k + 1)!c(n " k + 2 < {1}t) - 

k=0 ^ ' 

This is equivalent to the required assertion. 
For example, Theorem [T] yields 

h = 2(C(4) + C(3, 1) + C(2, 1, 1)) = 2 (V(4) + ^ + C(4)) = ?C(4). 
Note that the summands in the sum 

n 

J2((n-k + 2,{l} k ) 

k=0 

have the symmetry 

C(n-A: + 2,{l} fc ) = C(/c + 2,{l} n _ fc ) 

by the duality theorem. 

It would be interesting to find a generalization of Theorem [T] with an 
m-dimensional integral for m > 2. 

I thank kindly J. Sondow for raising the problem and several suggestions. 
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